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STABLE SURFACES AND FREE BOUNDARY MARGINALLY OUTER
TRAPPED SURFACES
AGHIL ALAEE, MARTIN LESOURD, AND SHING-TUNG YAU
Abstract. We explore various notions of stability for surfaces embedded and immersed in space-
times and initial data sets. The interest in such surfaces lies in their potential to go beyond the
variational techniques which often underlie the study of minimal and CMC surfaces. We prove
two versions of Christodoulou-Yau estimate for H-stable surfaces, a Cohn-Vossen type inequality
for non-compact stable marginally outer trapped surface (MOTS), and a global theorem on the
topology of H-stable surfaces. Moreover, we give a definition of capillary stability for MOTS with
boundary. This notion of stability leads to an area inequality and a local splitting theorem for free
boundary stable MOTS. Finally, we establish an index estimate and a diameter estimate for free
boundary MOTS. These are straightforward generalizations of Chen-Fraser-Pang and Carlotto-
Franz results for free boundary minimal surfaces, respectively.
1. Introduction
The study of minimal hypersurfaces or more generally hypersurfaces with constant mean curvature
(CMC) in a Riemannian manifold (M, g) has a natural generalization motivated by general relativity:
the study of surfaces with prescribed null mean curvature in initial data sets and spacetimes.
A spacetime is an 4-dimensional time-oriented Lorentzian manifold (L4, h) that satisfies the Ein-
stein field equation
(1.1) Gh ≡ Rich −
1
2
Rhh = T,
where Rich and Rh are Ricci and scalar curvature of metric h and T is a symmetric two tensor
associated with matter sources in L4. By Gauss and Codazzi equations, we consider an initial
data set (M3, g, k), where (M3, g) is a 3-dimensional Riemannian manifold and k is the second
fundamental form, that satisfies the Einstein constraint equations
(1.2) Rg + (trg(k))
2 − |k|2 = 2µ, divg(k − trg(k)g) = J,
where µ = T (τ, τ) and J = T (τ, ·) are the local energy density and momentum density and τ is the
unit future-directed timelike normal vector on (M3, g, k).
In this paper, we study two kinds of objects: surfaces Σ2 that are embedded (or immersed) in
M3 with unit normal vector N and mean curvature H , and surfaces Σ2 embedded (or immersed)
in L4 with unit future-directed nulllike normal vectors l± and associated null mean curvatures θ+
and θ−. An example of prescribed null mean curvature surfaces that has gathered interest in recent
years are marginally outer trapped surfaces (MOTS), see [4] and references therein. These are two
sided spacelike hypersurfaces embedded in (M3, g, k) that have vanishing null expansion in a chosen
direction θ+ = 0. Despite not having constant mean curvature, MOTS behaves like minimal and
CMC surfaces in certain respects.
Closed MOTS are physically interesting because these surfaces model the boundaries of black
holes in general relativity. The existence of such surfaces were first obtained in [43] where they
were shown to be obstructions to global solutions of a prescribed mean curvature equation known
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as Jang’s equation. Based on the analysis in [43], closed MOTS were also shown to exist in domains
with two boundary components satisfying certain convexity properties [7, 19]. These ideas were used
to obtain a black hole existence theorem in [44], later refined into a hoop conjecture result in [1].
For MOTS with boundary, Eichmair [19] showed that such surfaces solve a certain version of
the Plateau problem. In particular, for any smooth compact domain Ω with boundary ∂Ω that is
seperated by a closed embedded curve γ, that is ∂Ω\γ = ∂Ω1∪˙∂Ω2 where ∂Ω1 and ∂Ω2 are disjoint
and relatively open, such that θ+|∂Ω1 > 0 and θ−|∂Ω2 < 0, there exists an embedded MOTS Σ with
boundary ∂Σ = γ that is smooth up to and including its boundary.
MOTS are not known to minimize any elliptic functional (though they are C-almost-minimizing
[19] as currents), and consequently it is generally not possible to apply the usual variational tech-
niques used to study minimal and CMC surfaces. In spite of this, a stability concept for MOTS was
defined in [6] and has found various uses in [3, 8, 11, 20, 22, 26, 28].
Here, we investigate further the analogy between surfaces of prescribed null mean curvature and
their Riemannian counterparts, and obtain the following set of results.
1. An initial data set generalization of Christodoulou-Yau’s estimate [16]. A hypersurface
Σ in a Rieamnnain manifold (M, g) which locally minimizes its area given the enclosed volume is
called a stable volume preserving surface. Christodoulou and Yau obtained an estimate for Hawking
mass of stable volume preserving, topologically S2, hypersurface Σ in a Riemannian manifold (M, g).
In particular, for these surfaces that the Hawking mass is bounded below by a constant multiple of
the integral of scalar curvature of g over the surface. Therefore, if the scalar curvature is positive, the
Hawking mass of these surfaces are positive. This estimate plays a key role in the recent progress on
the question of canonical foliations and isoperimetry in asymptotically flat Riemannian manifolds,
see [21] and various references.
For a surface Σ in an initial data set (M, g, k), it is no longer clear which kind of surfaces are
to be estimated. Here we consider surfaces that are H-stable, where H is mean curvature vector of
Σ, with respect to a given direction X , and prove two versions of Christodoulou-Yau’s estimate for
H-stable surfaces in Theorem 3.2 and Theorem 3.3.
We note that the selection of these surfaces is motivated by work of Metzger [37], Nerz [38], and
Cederbaum and Sakovich [14], whom together show that asymptotically flat initial data sets with
non-zero energy admit a foliation with leaves having constant θ+θ−. We expect that an estimate of
this kind will lead better understanding of the foliation in [14].
2. Global results for H-stable surfaces and non-compact stable MOTS. The study of
stable CMC or minimal surfaces has a long history in Riemannian geometry, see [36] and references
therein. Whether in R3 or in manifolds with lower bounds on their Ricci or scalar curvature, a
growing collection of global results have been obtained over the years. Here, we obtain analogous
results in this context. In Theorem 4.2, we prove a Cohn-Vossen type inequality
(1.3)
∫
Σ
(µ+ J(N)) dµΣ ≤ 2π,
for any complete non-compact stable MOTS Σ with unit normal vector N in an initial data set
satisfying µ− |J | > 0. In addition, in Theorem 4.8, we obtain global result on topology of H-stable
surfaces which generalizes Theorem 2.13 of Meeks-Perez-Ros [36] obtained for stable CMC surfaces.
3. A definition of stability for capillary and free boundary MOTS. Free boundary minimal
surfaces have been the subject of intense research in recent years. Analogous to the successful con-
cept of stability for closed MOTS introduced in [6], we define the notion of stability for capillary and
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free boundary MOTS, see Definition 5.1. The definition in [6] was applied to MOTS with boundary
in [27, 20, 22] for variations that are compactly supported in the interior. We allow for variations
of the boundary, and although the definition given here is not the most general imaginable, it is
chosen so that its PDE properties yield a meaningful concept of stability; that is, one that relies on
the existence of real principle eigenvalue for elliptic non-self adjoint operators with Robin boundary
condition, see Theorem A.1.
An interesting application of this kind of capillary stability for MOTS would lie in generalizing
Gromov’s polyhedral comparison theory for R > 0 to the setting of the dominant energy condition
µ ≥ |J |. In Li’s proof of his polyhedral comparison theorem [34], one minimizes an elliptic functional
so as to produce a stable capillary minimal surface, and from this the result follows straightforwardly.
Stable capillary MOTS, if constructed, would yield a generalized version of this result.
4. Inequalities and the rigidity of stable free boundary MOTS. A classic observation of
Schoen and Yau [41] states that a closed stable minimal hypersurface Σ in a closed manifold (M, g)
with Rg ≥ 0 is either Yamabe positive or rigid otherwise. Based on this and ideas from [25, 43],
Galloway and Schoen [28] have shown an analogous result for closed stable MOTS Σ in initial data
sets (M, g, k) with µ− |J | ≥ 0. The result was refined in [3] and the case where µ− |J | ≥ c > 0 was
studied in [26]. Similar rigidity results have been obtained for closed minimal surfaces in manifolds
with R > 0 by Bray, Brendle, Eichmair, and Neves in [10, 9], and by Nunes for R > −c with c > 0
[39]. In those works, one first obtains a local rigidity result, which is then globalized by combining
various classic results with elementary topological arguments. In a similar spirit, Ambrozio [2]
studied the case of stable free boundary minimal surfaces and obtained a boundary version of these
aforementioned rigidity results. In Proposition 6.1 and Theorem 6.2, we prove a generalization of
[2] and [26] to the case of free boundary MOTS. In particular, we prove an estimate for a quantity,
in term of area of Σ and arc-length of ∂Σ, such that the rigidity gives us a local splitting theorem
in a neighborhood of stable free boundary MOTS.
A typical object of study of free boundary minimal surfaces are inequalities that combine area,
Euler characteristic, and Morse index. These are readily obtainable in domains with positive scalar
or Ricci curvature with boundaries satisfying various convexity assumptions. For instance, Chen,
Fraser, and Pang proved an estimate for area of a compact orientable two-sided free boundary
minimal surface with index 1, genus g, and l ≥ 1 boundary components in a Riemannian manifold
with non-negative scalar curvature [15]. In Proposition 6.6, we show that this result generalize
straightforwardly to the case free boundary MOTS in an initial data set satisfying dominant energy
condition µ − |J | ≥ 0. Moreover, Carlotto and Franz [13], among other things, obtain a diameter
estimate for stable free boundary minimal surfaces, from which they then obtain a useful area bound.
Their proof combines an argument of Fischer-Colbrie [24], a classical theorem of Hartman [32], and
a computation in [44] also employed in [12]. We note here that these arguments apply virtually
unchanged to yield Proposition 6.7, yielding a diameter estimate for stable free boundary MOTS.
These two instances of straightforward generalizations from minimal surfaces to MOTS suggest
the following additional open problems: (i) obtain a general existence theorem for free boundary
MOTS within domains satisfying appropriate convexity conditions, (ii) obtain curvature estimates
for stable free boundary MOTS generalizing [8], and (iii) in either the closed or free boundary setting,
study compactness phenomenona for MOTS.
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M. Lesourd acknowledges the support of the Gordon and Betty Moore Foundation and the John
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2. Variations of mean curvatures
We consider spacetime (L4, h) where L4 is a smooth oriented manifold equipped with Lorentzian
metric h. Moreover, let (M3, g, k) be an initial data set in (L4, h) that satisfies the Einstein’s
constraint equations (1.2), where M4 is a smooth oriented Riemannian manifold with metric g and
k is the second fundamental form of hyeprsurface M3 in L4. Let Σ →֒ L4 be a spacelike 2-surface
with induced metric gΣ embedded in M
3 and unit normal N in M3. The normal bundle of this
surface in L4 is diffeomorphic to the Minkowski space R1,1 and thus Σ admits a smooth null future-
directed basis l± = τ ±N , where τ and N are the unit timelike and spacelike normal vectors to the
surface Σ with respect to L4, such that h(l+, l−) = −2.
Define two null second fundamental forms
(2.1) χ±(X,Y ) = gΣ(L∇X l±, Y ),
where X,Y are tangent vector fields on Σ and L∇ is the Levi-Civita connection with respect to h.
The null mean curvature are denoted by θ± = trΣχ±. Similarly, the second fundamental form of Σ
in M3 is defined by
(2.2) A(X,Y ) = gΣ(
M∇XN, Y ),
where M∇ is the Levi-Civita connection with respect to g with mean curvature H = trΣA. Define
smooth function P := trΣk. Combining definitions of mean curvatures and l± = τ ± N , we have
θ± = ±H + P . The second fundamental form of Σ in L4 is defined as
(2.3) Π(X,Y ) = A(X,Y )N − kΣ(X,Y )τ.
where kΣ is k restricted to tangent bundle of Σ, and the mean curvature vector field is H =
HN − (TrΣk)τ . This implies
(2.4) − θ+θ− = |H|2 = H2 − P 2.
Then we have the following Lemma.
Lemma 2.1. Let Σ be a spacelike 2-surface in spacetime (L4, h). Consider variation of Σ with
smooth embedding map f : Σ × (−ǫ, ǫ)→ L4 such that f(Σ, t) = ft(Σ) = Σt and variational vector
field is X = ∂ft∂t |t=0. Moreover, consider the smooth function ϕ ∈ C
∞(Σ).
(a) If X = ϕN , then variation of future null mean curvature is
δXθ+ = −∆ϕ+ 2〈W,∇ϕ〉+
(
Q+ divW − |W |2 + θ+trgk −
1
2
θ2+
)
ϕ,
where ∆, ∇, and div are with respect to induced Riemannian metric on Σ, W (Y ) = k(Y,N) is
the connection one-form of normal bundle of Σ for any tangent vector field Y ∈ TΣ, and
Q :=
1
2
RΣ − µ− 〈J,N〉 −
1
2
|χ+|
2
where RΣ is scalar curvature of Σ and µ and J are energy and momentum density, respectively.
Furthermore, if H > 0, the variation of norm of mean curvature vector is
1
2H
δX |H|
2 =−∆ϕ+
1
2
[
RΣ − 2µ− (trgk)
2 + |k|2 − |A|2 −H2
]
ϕ
− 2
P
H
〈W,∇ϕ〉 −
P
H
[−J(N) + divW +Hk(N,N)− 〈A, kΣ〉]ϕ.
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(b) If X = −ϕl− and θ− 6= 0, then the variation of norm of mean curvature vector is
1
2θ−
δX |H|
2 = ∆ϕ− 2〈W,∇ϕ〉 −
(
divΣW − |W |
2 +Q
)
ϕ,
where Q = 12RΣ −
1
2G(l+, l−) +
θ+
2θ−
(
|χ−|2 +G(l−, l−)
)
+ 12θ−θ+.
Proof. (a) Consider smooth functions α, β ∈ C∞(Σ) and the variation vector field
(2.5) X =
∂ft
∂t
∣∣∣∣
t=0
= αl+ + βl−.
Following [8, Lemma 4.1], a straightforward computation of variation of θ+ in the direction X is
δXθ+ =2∆β − 4〈W,∇β〉 − α
(
|χ+|
2 +RicL(l+, l+)
)
+ θ+κX
− β
(
2divW − 2|W |2 − |Π|2 +RicL(l+, l−)−
1
2
RmL(l+, l−, l−, l+)
)
,
(2.6)
where RicL, and RmL are Ricci and Riemann curvatures with respect to metric h and κX is a gauge
dependent quantity, i.e., under rescaling l± → e±f l±, then κX → κX + LXf . Similarly, we have
δXθ− = 2∆α+ 4〈W,∇α〉 − β
(
|χ−|2 +RicL(l−, l−)
)
− θ−κX
− α
(
−2divW − 2|W |2 − |Π|2 +RicL(l+, l−)−
1
2
RmL(l+, l−, l−, l+)
)
(2.7)
By [8, equation (9)], we observe that the Gauss equation leads to
(2.8) RΣ = RL + 2RicL(l+, l−)−
1
2
RmL(l+, l−, l−, l+) + |H|2 − |Π|2
If we set α = −β = ϕ2 , then X = ϕN which leads to
(2.9) κX = κϕN =
ϕ
2
k(N,N) =
ϕ
2
(trgk − P ) .
Together with Gauss equation (2.8), variation equation (2.6), and Einstein equation
(2.10) RicL(l+, τ) +
RL
2
= G(l+, τ) = T (l+, τ) = µ+ J(N)
we have
(2.11) δϕNθ+ = −∆ϕ+ 2〈W,∇ϕ〉+
(
Q+ divW − |W |2 + θ+trgk −
1
2
θ2+
)
ϕ,
where
(2.12) Q :=
1
2
RΣ − µ− 〈J,N〉 −
1
2
|χ+|
2.
Next consider the variation of |H| as follows
(2.13)
1
2H
δX |H|
2 = δXH −
P
H
δXP.
The second variation of area function implies
(2.14) δXH = −∆ϕ− (Ricg(N,N) + |A|
2)ϕ
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and a computation as in [33, Page 242] leads to
δXP = 2〈W,∇ϕ〉+ (∇N trgk −∇Nk(ν, ν))ϕ
= 2〈W,∇ϕ〉+ (∇N trgk − divgk(N) + divW +Hk(N,N)− 〈A, kΣ〉)ϕ
= 2〈W,∇ϕ〉+ (−J(N) + divW +Hk(N,N)− 〈A, kΣ〉)ϕ.
(2.15)
Combining these with constraint equation (1.2) and Gauss equation
(2.16)
1
2
(RΣ −RM − |A|
2 −H2) = −
(
Ricg(N,N) + |A|
2
)
,
we have
1
2H
δX |H|
2 = −∆ϕ+
1
2
[
RΣ − 2µ− (trgk)
2 + |k|2 − |A|2 −H2
]
ϕ
− 2
P
H
〈W,∇ϕ〉 −
P
H
[−J(N) + divW +Hk(N,N)− 〈A, kΣ〉]ϕ.
(b) If we set α = 0 and β = −ϕ, then variational vector field is X = −ϕl−. First observe that
(2.17) δX |H|
2 = −δX (θ+θ−) = −θ−δXθ+ − θ+δXθ−
It follows from the variation equation (2.6), Gauss equation (2.8), Einstein equation G(l+, l−) =
RicL(l+, l−) +RL that
(2.18) δ−ϕl−θ+ = −2∆ϕ+ 4〈W,∇ϕ〉+ κ−ϕl−θ+ + ϕ
(
2divW − 2|W |2 +RΣ −G(l+, l−) + θ−θ+
)
.
Similarly, by G(l−, l−) = RicL(l−, l−) we have
δ−ϕl−θ− = ϕ
(
|χ−|2 +G(l−, l−)
)
− κ−ϕl−θ−
= ϕ
(
|χˆ−|2 +G(l−, l−) +
1
2
θ2−
)
− κ−ϕl−θ−
(2.19)
where χˆ− is trace-free part of χ−. Putting (2.18) and (2.19) in (2.17), we have
−
1
2θ−
δX |H|
2 = −∆ϕ+ 2〈W,∇ϕ〉+
(
divΣW − |W |
2 +Q
)
ϕ,
where Q = 12RΣ −
1
2G(l+, l−) +
θ+
2θ−
(
|χˆ−|2 +G(l−, l−)
)
+ 34θ−θ+. 
3. Estimates for H-stable surfaces
As mentioned in the Introduction, it is no longer clear which surfaces are to be estimated in the
more general context of spacetimes and initial data sets. Here we introduce a new notion of stability
for surfaces in spacetime.
Definition 3.1. A two-sided spacelike surface Σ embedded in an initial data set (M, g, k) isH-stable
with respect to direction V if and only if there exists a smooth function ψ ≥ 0 and ψ 6≡ 0 such that
δψV |H|
2 ≥ 0. Moreover, it is called strictly H-stable with respect to the direction V if, moreover,
δψV |H|
2 6= 0 somewhere on Σ.
First, consider a H-stable with respect to direction N , volume preserving surface Σ with spacelike
mean curvature vector (i.e., H > |P |). The H-stable volume preserving condition implies that there
exists smooth function ϕ such that δϕV |H|
2 ≥ 0 and
(3.1)
∫
Σ
ϕdµΣ = 0.
Then, we now observe the following estimate.
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Theorem 3.2. Let Σ be a H-stable with respect to direction N , volume preserving, topologically S2,
surface embedded in an initial data set (M, g, k) with unit normal N and spacelike mean curvature
vector. Then
(3.2) 1 +
1
24π
∫
Σ
θ+θ−dµΣ ≥
1
12π
∫
Σ
(
µ+ J(N)− θ+k(N,N)− 2
θ+
H
∇NP
)
dµΣ
with equality if and only if both kΣ +A = 0 and W = 0.
Proof. By Definition 3.1 and Lemma 2.1, H-stable with respect to direction N condition implies
that
0 ≤
1
2H
δϕV |H|
2 =−∆ϕ+
1
2
[
RΣ − 2µ− (trgk)
2 + |k|2 − |A|2 −H2
]
ϕ
− 2
P
H
〈W,∇ϕ〉 −
P
H
[−J(N) + divW +Hk(N,N)− 〈A, kΣ〉]ϕ.
Add and subtract δϕV P and using equation (2.11), we have
0 ≤−∆ϕ+ 2〈W,∇ϕ〉+
(
Q+ divW − |W |2 + θ+trgk −
1
2
θ2+
)
ϕ
− 2
(
1 +
P
H
)
〈W,∇ϕ〉 −
θ+
H
[−J(N) + divW +Hk(N,N)− 〈A, kΣ〉]ϕ
(3.3)
Multiply by ϕ and integrate by parts yields to
0 ≤
∫
Σ
(
|∇ϕ|2 +
(
Q+ divW − |W |2 + θ+trgk −
1
2
θ2+
)
ϕ2
)
dµΣ +
∫
Σ
div
(
P
H
W
)
ϕ2dµΣ
−
∫
Σ
θ+
H
[−J(N) + divW +Hk(N,N)− 〈A, kΣ〉]ϕ
2dµΣ
(3.4)
Combing this with [33, see page 242]
divW +Hk(N,N)− 〈A, kΣ〉 = divgk(N)− (∇Nk)(N,N)
= divgk(N)−∇N (k(N,N))− 2〈W,∇ logϕ〉
= divgk(N)−∇N trgk −∇NP − 2〈W,∇ logϕ〉
= J(N)−∇NP − 2〈W,∇ logϕ〉
(3.5)
we have
0 ≤
∫
Σ
(
|∇ϕ|2 +
(
Q+ divW − |W |2 + θ+trgk −
1
2
θ2+
)
ϕ2
)
dµΣ +
∫
Σ
div
(
P
H
W
)
ϕ2dµΣ
+
∫
Σ
θ+
H
[∇NP + 2〈W,∇ logϕ〉]ϕ
2dµΣ
(3.6)
By integrating by parts the last term in second line, we obtain
0 ≤
∫
Σ
(
|∇ϕ|2 +
(
Q+ divW − |W |2 + θ+trgk −
1
2
θ2+
)
ϕ2
)
dµΣ +
∫
Σ
divWϕ2dµΣ
+
∫
Σ
θ+
H
∇NPϕ
2dµΣ
(3.7)
By Li and Yau [35], there exists conformal map Ψ = (Ψ1,Ψ2,Ψ3) : Σ → S2 of degree d with∑
i(Ψ
i)2 = 1,
∫
Σ
|∇Ψi|2 = 8pid3 . Substituting ϕ = Ψ
i into (3.7) and integrating by parts we have
0 ≤8πd+
∫
Σ
(
Q− |W |2 + θ+trgk −
1
2
θ2+
)
dµΣ +
∫
Σ
θ+
H
∇NPdµΣ(3.8)
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Setting d = 1 and applying definition of Q and the Gauss-Bonnet theorem yields to
12π ≥
∫
Σ
(
µ+ J(N) +
1
2
|χ+|
2 + |W |2 − θ+trgk +
1
2
θ2+
)
dµΣ −
∫
Σ
θ+
H
∇NPdµΣ(3.9)
Observe that
1
2
θ2+ − θ+trgk =
1
2
(
H2 + P 2 + 2HP
)
−HP − P 2 − θ+k(N,N)
=
1
2
(
H2 − P 2
)
− θ+k(N,N)
= −
1
2
θ+θ− − θ+k(N,N)
(3.10)
Putting this in (3.9), we have the estimate. 
The Hawking energy for 2-surfaces embedded in a spacetime is
(3.11) EH =
√
|Σ|
16π
(
1 +
1
16π
∫
Σ
θ+θ−dµΣ
)
.
Then we have the following result.
Theorem 3.3. Let Σ be a H-stable with respect to direction −l−, topologically S2, embedded in
spacetime (L4, h) satisfying the null energy condition, i.e., RicL(v, v) ≥ 0 for every future-directed
null vector field v. Moreover, assume Σ has spacelike mean curvature vector H and variation speed
is ϕ ∈ C∞(Σ) such that
∫
Σ ϕdµΣ = 0. Then
(3.12) EH(Σ) ≥
√
|Σ|
48π3/2
∫
Σ
G(l+, l−)dµΣ,
with equality if and only if χˆ− =W = RicL(l−, l−) = 0.
Proof. By Lemma 2.1, for H-stable volume preserving surface with X = −ϕl−, we have δX |H|2 ≥ 0.
Combining this with θ− < 0 implies that
0 ≤ −
1
2θ−
δX |H|
2 = −∆ϕ+ 2〈W,∇ϕ〉+
(
divΣW − |W |
2 +Q
)
ϕ,
where Q = 12RΣ −
1
2G(l+, l−) +
θ+
2θ−
(
|χˆ−|2 +G(l−, l−)
)
+ 34θ−θ+. Multiply by ϕ and integrate by
parts yields to
0 ≤
∫
Σ
(
|∇ϕ|2 +
(
Q− |W |2
)
ϕ2
)
dµΣ(3.13)
Similar to proof of Theorem 3.2, by Li and Yau [35], there exists a conformal map Ψ = (Ψ1,Ψ2,Ψ3) :
Σ → S2 of degree d with
∑
i(Ψ
i)2 = 1,
∫
Σ
|∇Ψi|2 = 8pid3 . Substituting ϕ = Ψ
i into (3.13) and
definition of Q we have
0 ≤8πd+
∫
Σ
(
Q− |W |2
)
dµΣ
= 8dπ +
∫
Σ
(
1
2
RΣ −
1
2
G(l+, l−) +
θ+
2θ−
(
|χˆ−|2 +G(l−, l−)
)
+
3
4
θ−θ+ − |W |2
)
dµΣ
(3.14)
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Setting d = 1 and using the Gauss-Bonnet theorem, θ+θ− < 0, and the null energy condition, we
obtain
12π +
3
4
∫
Σ
θ−θ+dµΣ ≥
∫
Σ
(
G(l+, l−)−
θ+
2θ−
(
|χˆ−|2 +G(l−, l−)
)
+ |W |2
)
dµΣ
≥
∫
Σ
G(l+, l−)dµΣ.
(3.15)
The result follows from this inequality and definition of the Hawking energy.

4. Global Results for Stable Surfaces
First we recall the definition of stable MOTS from [5, Definition 2].
Definition 4.1. A MOTS Σ embedded in an initial data set (M, g, k) is stably outermost or stable
with respect to direction V if and only if there exists a smooth function ψ ≥ 0 and ψ 6≡ 0 such
that δψV θ+ ≥ 0. Moreover, it is called strictly stable outermost with respect to the direction V if,
moreover, δψV θ+ 6= 0 somewhere on Σ.
Note that for ϕ ∈ C∞(Σ), the stability operator of MOTS is
(4.1) L(ϕ) = −∆ϕ+ 2〈W,∇ϕ〉+
(
Q+ divW − |W |2
)
ϕ,
where
(4.2) Q =
1
2
RΣ − µ− 〈J,N〉 −
1
2
|χ+|
2.
As shown in Lemma 2 of [5], Σ is stable if and only if λ1(L) ≥ 0. Moreover, there exist a positive
eigenfunction u such that L(u) = λ1u. Now, we prove the following result which is analogous to
Fischer-Colbrie and Schoen [25, Theorem 3] with Cohn-Vossen type inequality of Wang [45, Theorem
5.10].
Theorem 4.2. Let (M, g, k) be an oriented initial data set satisfying µ−|J | > 0. Let Σ be a complete
non-compact stable MOTS with unit normal N embedded in (M, g, k). Then Σ is diffeomorphic to
R2, properly embedded, and satisfies the following inequality
(4.3)
∫
Σ
(µ+ J(N)) dµΣ ≤ 2π.
Proof. First, an argument similar to Theorem 8.8 in [30] shows that Σ cannot be a non-compact
surface with finite area. In particular, we have
Proposition 4.3. Let Σ be a stable MOTS of finite area embedded in an initial data set (M, g, k)
satisfying µ− |J | > 0. Then Σ is homeomorphic to S2.
Proof. For any smooth function ϕ ∈ C∞c (Σ), multiply the stability condition δϕNθ+ ≥ 0 in Lemma
2.1 by ϕ and integrate by parts to get
(4.4)
∫
Σ
(
|∇ϕ|2 + (KΣ − µ− J(N)−
1
2
|χ+|
2)ϕ2
)
dµΣ ≥ 0,
where KΣ is the Gauss curvature of Σ. Since µ− |J | > 0 and J(N) ≥ −|J |, we have µ+ J(N) > 0
that implies
(4.5)
∫
Σ
(
|∇ϕ|2 +KΣϕ
2
)
dµΣ > 0.
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If Σ is compact just choose ϕ = 1. Then by Gauss-Bonnet theorem we have Euler number of Σ
is positive or equivalently Σ is diffeomorphic to S2. If Σ is not compact, it follows from Theorem
8.11 of [30] that |Σ| = ∞. In particular, Theorem 8.11 of [30] states that given a constant α > 12
and a complete surface Σ, if
∫
Σ
(
|∇ϕ|2 + αKΣϕ
2
)
dµΣ ≥ 0 for all ϕ ∈ C
∞
c (Σ), then |Σ| = ∞. This
complete the proof. 
Therefore, Σ has infinite area. Since Σ is stable MOTS, its first eigenvalue is non-negative, i.e.,
λ1(L) ≥ 0, that implies the first eigenvalue of symmetrized stability operator Ls = −∆ + Q is
non-negative, see computation in the proof of Theorem 2.1 of [28] which is similar to our Lemma
5.4 without boundary term. We claim (Σ, gΣ) is conformal to either C or cylinder R × S
1. If this
is not true, the universal cover of Σ is a disk. Then by Theorem 1 of [25] and stability of MOTS,
there exists a positive function u such that Ls(u) = 0. By lifting the metric gΣ to universal cover,
we have a positive solution v, Ls(v) = 0 on universal cover. But by Corollary 3 of [25], since
P := µ + J(N) + 12 |χ+|
2 ≥ 0, the operator 0 = −∆v + aKΣv − Pv, for a ≥ 1, does not have
positive solution. This implies Ls(v) = 0 on universal cover cannot have a positive solution which
is a contradiction with the fact that the universal cover of Σ is disk. This complete the proof of the
claim.
Define the g˜Σ = u
2gΣ on Σ, where u satisfies Ls(u) = 0. Let K˜Σ be Gauss curvature of g˜Σ. It
follows from Ls(u) = 0 that
u2K˜Σ = KΣ − u
−1∆gu+ |∇ log u|2
= µ+ J(N) +
1
2
|χ+|
2 + |∇ log u|2 ≥ 0
(4.6)
By integration and a classic result of Cohn-Vossen [17], we have
(4.7) 0 ≤
∫
Σ
K˜dµΣ˜ ≤ 2πχ(Σ)
where dµΣ˜ is volume form with respect to metric g˜Σ. Now if Σ is conformal to cylinder R×S
1, then
since χ(Σ) = 0 we have K˜Σ = 0. Therefore, it follows from (4.6) that µ+ J(N) +
1
2 |χ+|
2 = 0. This
is contradicting the energy condition µ−|J | > 0. Let Σ to be diffeomorphic to R2. Since Ls(u) = 0,
we have
∫
BΣ(p,R)
1
uLs(u)dµΣ = 0 where BΣ(0, R) is a geodesic ball in (Σ, gΣ) centered at p ∈ Σ of
radius R. This leads to∫
BΣ(p,R)
(
µ+ J(N) +
1
2
|χ+|
2
)
dµΣ =
∫
BΣ(p,R)
(
KΣ −
1
u
∆Σu
)
dµΣ
≤
∫
BΣ(p,R)
K˜ΣdµΣ˜ ≤
∫
Σ
K˜ΣdµΣ˜
(4.8)
Taking R → ∞, (4.7) and (4.8) yield (4.3). To show that Σ is proper, one proceeds as in [45], but
with (4.3) instead of that obtained in Theorem 5.10 of [45]. 
Next, we recall a distance and area growth estimates fromMeeks-Perez-Ros [36] based on Theorem
1 of [25]. First, we have the following definition.
Definition 4.4. Given a complete metric on a surface Σ and a point p ∈ Σ, define the distance of p
to the boundary of Σ, dist(p, ∂Σ), as the infimum of the lengths of all divergent curves in Σ starting
at p. A ray is a divergent minimizing geodesic in Σ.
It can be shown that if Σ is not compact but ∂Σ is compact, then there exists a ray starting at
some point p ∈ ∂Σ.
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Theorem 4.5. [36, Theorem 2.8] Let Σ be a surface and suppose that there exist constants a > 14
and c > 0 such that the operator −∆ + aKΣ − c is non-negative, i.e., it has principal eigenvalue
λ1(−∆+ aKΣ − c) ≥ 0. Then the distance from every point p ∈ Σ to the boundary of ∂Σ satisfies
(4.9) dist(p, ∂Σ) ≤ π
√(
1 +
1
4a− 1
)
a
c
If Σ is complete then it must be compact and χ(Σ) > 0.
Theorem 4.6. [36, Theorem 2.9] Let Σ be a Riemannian surface, x0 ∈ Σ and constants 0 <
R′ < R < dist(x0, ∂Σ). Suppose that for some a ∈ (14 ,∞) and q ∈ C
∞(Σ), q ≥ 0, the operator
−∆+ aKΣ − q is non-negative on Σ. Then
(4.10)
8a2
4a− 1
|B(x0, R
′)|
R2
+
(
1−
R′
R
)2 ∫
B(x0,R′)
q ≤ 2πa
(
1−
R′
R
) 2
1−4a
and if Σ is complete then R → |B(x0, R)| grows at most quadratically, q ∈ L
1(Σ) and the universal
cover of Σ is conformally C.
We now apply these theorems to obtain various global results for general surfaces with θ+ and
θ−. First, for any two sided surface with a well defined pair of null normals l+ and l− embedded in
a spacetime with Lorentzian h, we define a scalar quantity
(4.11) G(Σ) := −
3
4
θ+θ− +
1
2
G(l+, l−)−
θ+
2θ−
G(l−, l−)
Definition 4.7. Let (M, g, k) be an initial data set. A spacelike 2-surface Σ ⊂ M is said to be
2-immersed if there exists a 2 : 1 cover p : M˜ → M of M such that Σ˜ = p−1(Σ) is embedded and
two-sided in M˜ .
In this definition, (M˜, p∗g, p∗k) is itself embedded in a 4-dimensional spacetime, which we denote
with a slight abuse of notation (L˜, p∗h), and we write G˜ ≡ Ricp∗h− 12Rp∗hp
∗h for the Einstein tensor
of (L˜, p∗h). We now observe the following.
Theorem 4.8. Let (Σ, gΣ) be a complete spacelike 2-surface 2-immersed in a 3-dimensional initial
data set (M, g, k). In the notation above, write Σ˜ = p−1(Σ) for the two-sided embedded surface
covering Σ. Suppose that Σ˜ isH-stable with respect to direction −l− and has spacelike mean curvature
vector. Let Σ¯ be the universal cover of Σ. Then
(1) If G(Σ˜) ≥ c > 0 on Σ˜, then Σ is topologically S2 or RP2.
(2) If G(Σ˜) ≥ 0 on Σ˜, then:
(i) Σ¯ has at most quadratic growth.
(ii)
∫
Σ¯
G(Σ¯) and
∫
Σ¯
θ+
θ−
|χˆ−|2 are both finite1.
(iii) If Σ has infinite fundamental group, then χˆ− = 0 and G(Σ˜) = 0, so in particular this
case does not occur if the dominant energy condition holds. In this case, Σ has at most
linear area growth and is diffeomorphic to a cylinder, a Mobius strip, a torus, or a
Klein bottle.
Proof. Since Σ is 2-immersed, we pass to its two-sided cover Σ˜ = p−1(Σ), which is embedded in
(M˜, p∗g, p∗k) and for which we have a well defined pair of null normals l+ and l−. The surface Σ˜
1It is implicit here that the integrands be defined on Σ¯
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is H-stable with respect to direction −l−. Then for any smooth function ϕ ∈ C∞(Σ), multiply the
stability condition δ−ϕl− |H|
2 ≥ 0 in Lemma 2.1 by ϕ and integrate by parts, we obtain
(4.12)
∫
Σ˜
(
|∇ϕ|2 +Q′ϕ2
)
dµΣ˜ ≥ 0
where Q′ = KΣ˜ +
θ+
2θ−
|χˆ−|2 − G(Σ˜). This implies that the following operator is non-negative
(4.13) L˜ := −∆+KΣ˜ +
θ+
2θ−
|χˆ−|2 − G(Σ˜)
on Σ˜. The theorem is now proved by applying Theorem 4.5 and Theorem 4.6 to various forms for
L˜.
(1) We note that the operator L˜ is related to operator in Theorem 4.5 by setting a = 1 and
− θ+θ− |χˆ−|
2 + G(Σ˜) ≥ G(Σ˜) ≥ c > 0. Then Theorem 4.5 implies the distance estimate dist(p, ∂Σ˜) ≤
2pi√
3c
. Since Σ˜ is complete, then Theorem 4.5 implies that Σ˜ is compact with χ(Σ˜) > 0.
(2) Since Σ˜ is stable, so is the universal cover Σ¯. By Theorem 4.6 it then follows that Σ¯ has at most
quadratic area growth and that G(Σ¯) is in L1(Σ¯). Since G(Σ˜) and − θ+θ− |χˆ−|
2 are both non-negative
(and thus on Σ¯ as well), the conclusion follows. (iii) then follows from (i) and (ii).

5. Stable Capillary Marginally outer trapped surfaces
Let (Mn, g, k) be an initial data set and Σn−1 ⊂ Mn be an embedded, connected, complete
hypersurface in M with boundary ∂M , such that ∂Σ is an embedded submanifold of ∂M . Call any
such Σ a capillary surface.
Suppose that Σ separatesMn into two components, label one of these Ω, and let the unit normal
N of Σ point into Ω. Let ν be the unit normal of ∂Σ, pointing out of Ω, as a subset of ∂M , and
let γ be the contact angle between ∂M and Σ. Moreover, let ν be the unit outward normal vector
of ∂Σ and N¯ be the unit outward normal vector of ∂M . Clearly, the relation of normal vectors is
ν = cos γν¯ +sin γN¯ and N¯ = cos γN +sin γν and if γ = pi2 , Σ is called a free boundary surface with
ν = N¯ , see Figure 1. In addition, we denote the second fundamental form and mean curvature of
Σ in the direction pointing towards Ω by A and H . We let Π and H∂M be the second fundamental
form and mean curvature of ∂M in M .
Now assume l+ = τ +N is the outward future-directed unit normal vector of Σ in ambient space-
time with spacelike hypersurface Mn. As in Section 2, denote χ+ and θ+ the outer null second
fundamental form pointing towards Ω and the associated outer null expansion.
Now consider the smooth embedding
(5.1) f : Σ× [0, T )→M, f(Σ, t) := ft(Σ) = Σt ⊂M,
such that Σ = Σ0. A variational vector field is Xt =
∂ft
∂t such that X = X0 =
∂ft
∂t |t=0 to be tangent
to ∂M . We define the following functional
(5.2) F [Σt] ≡
∫
Σt
θ+t 〈Xt, Nt〉 dµΣt +
∫
∂Σt
〈Xt, νt − cosγνt〉dµ∂Σt .
Note that this functional is almost identical to that obtained by computing the first volume preserv-
ing variation for capillary surfaces [40]. An important difference is that volume preserving variations
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Ω
∂M
νν¯
N¯Σ
γ
∂Σ
M
N
Figure 1. Initial data set with capillary surface Σ.
imply that the contact angle γ is constant, whereas γ in (5.2) is a priori non-constant. Restricting
to constant γ, we compute
δXF [Σ] :=
∂
∂t
∣∣∣∣
t=0
F [Σt]
=
∂
∂t
∣∣∣∣
t=0
[∫
Σt
θ+t 〈Xt, Nt〉 dµΣt
]
+
∂
∂t
∣∣∣∣
t=0
[∫
∂Σt
〈Xt, νt − cosγνt〉dµ∂Σt
]
.
(5.3)
The first term gives
(5.4)
∂
∂t
∣∣∣∣
t=0
[∫
Σt
θ+t 〈Xt, Nt〉 dµΣt
]
=
∫
Σ
(
DXθ
+ ϕ + θ+DX〈X,N〉+ 〈X,N〉θ
+divΣX
)
dµΣ.
Since θ+ = 0 for MOTS, the second and third terms disappear. Moreover splitting X = ϕN+Xˆ into
normal and tangential components, where ϕ ∈ C∞(Σ) and Xˆ ∈ TΣ, we observe that DXˆ(θ+) = 0
and by Lemma 2.1 it yields
(5.5)
∂
∂t
∣∣∣∣
t=0
[∫
Σt
θ+t 〈Xt, Nt〉 dµΣt
]
=
∫
Σ
[
−ϕ∆ϕ+ 2ϕ〈W,∇ϕ〉 + (divW − |W |2 +Q)ϕ2
]
dµΣ.
As for the second term, we get
∂
∂t
∣∣∣∣
t=0
[∫
∂Σt
〈Xt, νt − cosγνt〉dµ∂Σt
]
=
∫
∂Σ
〈∇XX, ν − cosγν〉dµ∂Σ
+
∫
∂Σ
〈X,∇X(ν − cosγν)〉dµ∂Σ
+
∫
∂Σ
〈X, ν − cosγν〉 div∂ΣX dµ∂Σ.
(5.6)
Since 〈X, ν − cosγν〉 = 0, only the first two terms need be computed. A computation in Appendix
of [40]2 shows
(5.7) 〈∇XX, ν − cosγν〉+ 〈X,∇X(ν − cosγν)〉 = ϕ
∂ϕ
∂ν
−
[
−cotγA(ν, ν) +
1
sinγ
Π(ν, ν)
]
ϕ2.
2We have a sign difference with [40] for definition of second fundamental form and mean curvature. In particular, if
w is a unit normal to a surface, they define second fundamental form as −〈∇
·
w, ·〉. Moreover their second fundamental
form Π also use normal −N¯ .
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Letting q = −cotγA(ν, ν)+ 1sinγΠ(ν, ν) and combining (5.5) and (5.7), we have the following bilinear
form
(5.8) δXF [Σ] =
∫
Σ
[
|∇ϕ|2 + 2ϕ〈W,∇ϕ〉 +
(
divW − |W |2 +Q
)
ϕ2
]
dµΣ −
∫
∂Σ
qϕ2dµ∂Σ,
for all ϕ ∈ C∞(Σ). In contrast to the second variation of area functional, this bilinear form is not
symmetric and we cannot use Rayleigh-Ritz formula to find principle eigenvalue and define stability.
However, there is a variational representation of the eigenvalue by Donsker and Varadhan [18] which
applies in this setting, see Section 4 of [6]. In particular, the corresponding eigenvalue problem to
functional δXF [Σ] is
(5.9) L(ϕ) := −∆ϕ+ 2〈W,∇ϕ〉+ (divW − |W |2 +Q)ϕ = λϕ, on Σ,
(5.10) B(ϕ) :=
∂ϕ
∂ν
− qϕ = 0, on ∂Σ.
We define stability of capillary MOTS using the variation of the future null expansion.
Definition 5.1. A capillary marginally outer trapped surface (MOTS) Σ ⊂M with constant contact
angle γ is stable with respect to variation vector field X if and only if there exists a non-negative
function ϕ ∈ C∞(Σ), ϕ 6≡ 0 satisfying Robin boundary condition B(ϕ) = 0 such that δXθ+ ≥ 0.
Moreover, it is called strictly stably outermost with respect to the direction X if, moreover, δXθ+ 6= 0
somewhere on Σ.
The operator L := (L,B) is called stability operator with Robin boundary condition. By Theorem
A.1, if q ≤ 0, There is a real eigenvalue λ1, called the principal eigenvalue, such that for any other
eigenvalue λ′, Reλ′ ≥ λ1. The associated eigenfunction ϕ, L(ϕ) = (L(ϕ), B(ϕ) = (λ1ϕ, 0), is unique
up to a multiplicative constant, and can be chosen to be strictly positive and it yields to.
Lemma 5.2. Let Σ be a capillary MOTS Σ ⊂ M with constant contact angle γ and q ≤ 0 on
∂Σ. Then Σ is capillary stable MOTS if and only if the principal eigenvalue of stability operator L
satisfies
(5.11) λ1(L) ≥ 0.
Moreover, it is strictly stable if and only if λ1(L) > 0
Proof. If λ1(L) ≥ 0, then by Thoerem A.1, there exist a positive function ϕ such that Lϕ = (λ1ϕ, 0)
which implies δXθ ≥ 0 and B(ϕ) = 0. Conversely, since Σ is stable and λ1(L) is also eigenvalue
of L∗ with positive eigenfunction ϕ∗, we have λ1〈ψ, ϕ∗〉 = 〈ψ,L∗ϕ∗〉 = 〈Lψ,ϕ∗〉 ≥ 0 which implies
λ1(L) ≥ 0. 
The ‘symmetrized’ version of Definition 5.1 is as follows.
Definition 5.3. Let Σ be a capillary surface with constant contact angle γ. The symmetric operator
Ls = (Ls, Bs) on Σ defined as
(5.12) Ls(ϕ) := −∆Σψ +Qψ, on Σ Bs(ϕ) :=
∂ψ
∂ν
− (q − 〈W, ν〉)ψ on ∂Σ
Then Σ is called capillary symmetric stable if
(5.13) λ1(Ls) ≥ 0
where λ1 is the principal eigenvalue of Ls for eigenfunctions satisfying the homogeneous Robin
boundary condition.
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Note that Ls is symmetric and all eigenvalues are real, therefore, we do not need extra assumption
on the sign of q on ∂Σ. Therefore, we have the following result.
Lemma 5.4. Let Σ be a capillary surface with constant contact angle γ and q ≤ 0 in (5.10). Then
λ1(L) ≤ λ1(Ls) and stability of Σ, λ1(L) ≥ 0, yields to a positive-semidefinite bilinear form
(5.14) P (u, u) :=
∫
Σ
(
|∇u|2 +Qu2
)
dµΣ −
∫
∂Σ
(q − 〈W, ν〉) u2dµ∂Σ ≥ 0
for all u ∈ C∞(Σ). Moreover, if P (1, 1) = 0, then Q = 0, W = ∇ logϕ, q = 〈W, ν〉, and λ1(Ls) = 0.
Proof. Let λ1(L) be the principle real eigenvalue of L with positive eigenfunction ϕ. By a compu-
tation in [28]
(5.15) L(ϕ) = div(W −∇logϕ)ϕ− |W −∇logϕ|2ϕ+Qϕ.
Let u ∈ C∞(Σ). Multiplying above equation by uϕ−1 and completing the square leads to
(5.16) u2ϕ−1L(ϕ) = div(u2(W −∇logϕ)) + |∇u|2 +Qu2 − |(W −∇logϕ)u+∇u|2
Integrating by parts and we have
λ1(L)
∫
Σ
u2dµΣ =
∫
Σ
u2ϕ−1L(ϕ)dµΣ
=
∫
Σ
(
div(u2(W −∇logϕ) + |∇u|2 +Qu2 − |(W −∇logϕ)u +∇u|2
)
dµΣ
≤
∫
Σ
(
|∇u|2 +Qu2 − |(W −∇logϕ)u +∇u|2
)
dµΣ +
∫
∂Σ
〈u2(W −∇logϕ), ν〉dµ∂Σ
≤
∫
Σ
(
|∇u|2 +Qu2
)
dµΣ +
∫
∂Σ
〈u2(W −∇logϕ), ν〉dµ∂Σ
=
∫
Σ
(
|∇u|2 +Qu2
)
dµΣ −
∫
∂Σ
(q − 〈W, ν〉) u2dµ∂Σ
(5.17)
where the last equality follows from Robin boundary condition (5.10). The result now follows from
Rayleigh quotient characterization. If equality holds, then combining P (1, 1) = 0, P (u, u) ≥ 0 for
all u ∈ C∞(Σ), and Cauchy-Schwarz inequality, we have P (1, u) = 0 for all u ∈ C∞(Σ). Now since
u is arbitrary smooth function, we have Q = 0 and q = 〈W, ν〉. Moreover, P (1, 1) = 0 together with
the first inequality in (5.17), we have W = ∇ logϕ. Moreover, P (1, 1) = 0 and λ1(L) = 0, yields to
λ1(Ls) = 0. This complete the proof. 
6. Free Boundary Marginally Outer Trapped Surfaces
6.1. Rigidity of Stable Free Boundary Marginally Outer Trapped Surfaces. For free
boundary surface, the contact angle in previous section is γ = π/2, therefore, ν = N and ν¯ = −N .
For a properly embedded surface (Σ, ∂Σ) ⊂ (M,∂M), define the functional I(Σ)
(6.1) I(Σ) ≡ |Σ| inf
Σ
(µ+ J(N)) + |∂Σ| inf
∂Σ
(H∂M − 〈W, ν〉)
for a surface Σ of area |Σ| and boundary length |∂Σ|.
Proposition 6.1. Let (M, g, k) be a connected initial data set with boundary ∂M having second
fundamental form Π(·, ·) and outwards pointing normal ν. Let Σ be a free boundary stable MOTS in
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M with unit normal N and Π(N,N) ≤ 0 on ∂Σ. Suppose that H∂M − 〈W, ν〉 is bounded from below
on ∂Σ and µ+ J(N) is bounded from below on Σ. Then
(6.2) I(Σ) ≤ 2πχ(Σ)
and equality holds if and only if Σ satisfies the following properties.
(1) χ+ = 0, Q = 0, W = ∇ logϕ, and q = Π(N,N) = 〈W, ν〉,
(2) µ+ J(N) is constant on Σ and equal to infΣ(µ+ J(N)),
(3) Geodesic curvature of ∂Σ in Σ is constant on ∂Σ and equal to inf∂Σ (H∂M − 〈W, ν〉),
(4) λ1(Ls) = λ1(L) = 0.
Furthermore, if H∂M and −〈W, ν〉 are bounded from below on ∂Σ instead of H∂M−〈W, ν〉, inequality
(6.2) holds and equality gives us additional properties.
(5) 〈W, ν〉 is constant on Σ and equal to supΣ〈W, ν〉 ≤ 0, and
(6) H∂M is constant on ∂Σ and equal to inf∂ΣH∂M .
Proof. Using the notation above, the free boundary condition implies that the geodesic curvature
of ∂Σ in Σ can be computed as κ = g(T,∇T ν) where ν points outside of ∂M and coincides with N
and T is tangent vector to ∂Σ. Recalling that the mean curvature is the trace of the shape operator
∇ν, we have
(6.3) H∂M = κ+ g(N,∇Nν) = κ+ q
Since Σ is a free boundary stable MOTS, by Lemma 5.4, we have a positive semi-definite bilinear
form
(6.4) P (u, u) ≡
∫
Σ
(
|∇u|2 +Qu2
)
dµΣ −
∫
∂Σ
(q − 〈W, ν〉)u2dµ∂Σ ≥ 0
for all u ∈ C∞(Σ). Combining above equation with u = 1, Q = 12RΣ−µ−J(N)−
1
2 |χ
+|2 and (6.3),
we get
0 ≥
∫
Σ
(
µ+ J(N) +
1
2
|χ+|
2
)
dµΣ −
1
2
∫
Σ
RΣdµΣ −
∫
∂Σ
κdµ∂Σ +
∫
∂Σ
(H∂M − 〈W, ν〉) dµ∂Σ
=
∫
Σ
(
µ+ J(N) +
1
2
|χ+|
2
)
dµΣ +
∫
∂Σ
(H∂M − 〈W, ν〉) dµ∂Σ − 2πχ(∂Σ)
≥ |Σ| inf
Σ
(µ+ J(N)) + |∂Σ| inf
Σ
(H∂M − 〈W, ν〉) − 2πχ(Σ)
= I(Σ)− 2πχ(Σ)
(6.5)
where the first equality follows from the Gauss-Bonnet Theorem. Therefore, I(Σ) ≤ 2πχ(Σ). The
rigidity is equivalent to χ+ = 0, µ+J(N) is constant on Σ and equal to infΣ(µ+J(N)), H∂M−〈W, ν〉
is constant on ∂Σ and equal to inf∂Σ (H∂M − 〈W, ν〉), and P (1, 1) = 0, thus, it follows from Lemma
5.4 that Q = 0, W = ∇ logϕ, and q = Π(N,N) = 〈W, ν〉. Moreover, since Π(N,N) = 〈W, ν〉 and
Π(N,N) ≤ 0, we have sup∂Σ〈W, ν〉 ≤ 0. Combining this with (6.3), we get ∂Σ has constant geodesic
curvature κ = infΣ (H∂M − 〈W, ν〉) .
Now, if we assume H∂M and −〈W, ν〉 are bounded from below on ∂Σ instead of H∂M − 〈W, ν〉,
then from (6.5) we have 〈W, ν〉 and H∂M are constant on ∂Σ and equal to supΣ〈W, ν〉 ≤ 0 and
inf∂ΣH∂M , respectively. 
For rigidity of free boundary stable MOTS, we need to impose some assumption on neighborhood
of embedding of Σ in M . Given ζ > 0 and define Mζ to be a neighborhood of Σ with geodesic
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distance ζ and boundary ∂Mζ. Moreover, we define
(6.6) Iζ(Σ) ≡ |Σ| inf
Mζ
(µ− |J |) + |∂Σ| inf
∂Mζ
(
H∂Mζ − 〈W, ν〉
)
.
Then we have the following rigidity result.
Theorem 6.2. Let (M, g, k) be an initial data set with constants ci > 0 such that µ−|J | ≥ c1 on Mζ ,
H∂Mζ ≥ −c2 on ∂Mζ, and 〈W, ν〉 ≤ c3 on ∂Mζ. Let Σ be a properly embedded, area minimizing, free
boundary weakly outermost MOTS in Mζ with Iζ(Σ) = 2πχ(Σ) and max∂ΣΠ(N,N) = 0. Finally
assume that either one of the following holds.
(i) ∂Σ is locally length minimizing in ∂Mζ, or
(ii) inf∂Mζ
(
H∂Mζ − 〈W, ν〉
)
= 0.
Then
(1) There exist 0 < ǫ < ζ such that Mζ splits as ([0, ǫ)× Σ, dt
2 + gΣ).
(2) Σt = {t} × Σ, for all t ∈ [0, ǫ), is totally geodesic as a submanifold of spacetime, i.e.,
χ+ = χ− = 0, and as submanifold of M , i.e., A = 0.
(3) Σt has constant Gauss curvature infMζ µ.
(4) J = k(·, ·)|TΣt = k(·, Nt)|TΣt = Qt = 0 and scalar curvature RM = 2µ ≥ c1.
Moreover,
(5) If we assume (i), ∂Σt in Σt has constant geodesic curvature inf∂Mζ H∂Mζ and ∂Σt in ∂Mζ
has vanishing geodesic curvature.
(6) If we assume (ii), ∂Σt in Σt has vanishing geodesic curvature and H∂Mζ = 0.
Remark 6.3. In [2], there is mean convex an assumption on boundary which is substitute with weaker
assumptions H∂Mζ ≥ −c2 on ∂Mζ, 〈W, ν〉 ≤ c3 on ∂Mζ, and max∂ΣΠ(N,N) = 0.
Proof. The argument combines [2] and [26] and follows from three steps: (1) construct a foliation
free boundary hypersurfaces {Σt} each having constant θ+(t), (2) show that θ+(t) = 0 for each Σt,
and (3) obtain the rigidity statements.
Step 1. Foliation {Σt}. We seek to construct a foliation around Σ of free boundary surfaces with
constant θ+. For small u ∈ C
∞(Σ), we define the surface Σu = exp(u(x)N) and the future directed
null expansion θ+(u) of Σu = Σ[u] such that Σ0 = Σ. Consider the following operator
(6.7) Ψ : C2,α(Σ)× R −→ C0,α(Σ)× C1,α(∂Σ)× R,
such that
(6.8) Ψ(u, s) =
(
θ+(u)− k(s), g(Nu, νu),
∫
Σ
udµΣ
)
.
Then we compute the linearization of Ψ at (0, 0) as follows
DΨ
∣∣
(0,0)
(u, s) =
d
dr
∣∣
r=0
Ψ(ru, rs)
=
(
L(u)− k′(0),−
∂u
∂ν
+ g(N,∇Nν)u,
∫
Σ
udµΣ
)
,
(6.9)
where L is stability operator of MOTS and ddr
∣∣
r=0
g(Nru, νru) = −
∂u
∂ν + g(N,∇Nν)u = −
∂u
∂ν + qu =
−B(u), cf. Proposition 17 of [2]. To apply inverse function theorem we need to show DΨ
∣∣
(0,0)
(u, s)
is an isomorphism. In particular, we want to show that the operator L(u) = (f, γ) is invertible for
f ∈ C0,α(Σ) and γ ∈ C1,α(∂Σ). The corresponding eigenvalue problem is L(u) = (λu, 0). Since by
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Proposition 6.1, the principle simple eigenvalue λ1(L) = 0 with corresponding positive eigenfunction
ϕ, the kernel of L is constant multiple of ϕ. By Fredholm alternative, L(u) = (L(u), B(u)) = (f, γ)
has a unique solution over Banach spaces module kernel of L if and only if
∫
Σ fϕ
∗ = 0, where ϕ∗
is eigenfunction of L∗ correspond to eigenvalue λ1(L) = 0 (Note that by Theorem A.1, λ1 is also
eigenvalue of the adjoint operator L∗). Therefore, DΨ
∣∣
(0,0)
(u, s) is invertible over Banach spaces
module kernel of L. Thus, by the inverse function theorem, there exist ǫ > 0, for s ∈ (−ǫ, ǫ), and
u(s) ∈ C∞(Σ) such that ǫ < ζ and Ψ(u, s) = (0, 0, s) or equivalently
(6.10) θ+(u(s)) = k(s), g(Nu, νu) = 0,
∫
Σ
u(s)dµΣ = s.
Using chain rule and differentiate at s = 0 yields to
(6.11) u′(0)L(0) = k′(0), −
∂u′(0)
∂ν
+ g(N,∇Nν)u
′(0) = 0,
∫
Σ
u′(0)dµΣ = 1.
Since
∫
Σ k
′(0)ϕ∗dµΣ = 0 and ϕ∗ > 0, we have k′(0) = 0. This shows that u′(0) is in the kernel
of L. Combining this with integral condition in (6.11), we have u′(0) = constant · ϕ > 0. This
means there exist a local coordinate (t, xi) such that for small t surfaces Σt := Σ[u(t)] = {t} × Σ
form smooth foliation of constant θ+(t) free boundary hypersurfaces. Let ht be induced metric on
Σt and 0 < ϕt ∈ C
∞(Σ), which is the speed of surfaces with variation vector ∂∂t = ϕtNt such that
ϕ0 = u
′(0), then the metric on Σ× (−ǫ, ǫ) has the following form
(6.12) g = ϕ2tdt
2 + ht.
Step 2. Each Σt is a stable free boundary MOTS. We now show that θ+(t) = 0 for all t ∈ [0, ǫ).
First, observe that the weakly outermost (i.e., no outer trapped surface in Mζ homologous to Σ)
property of Σ implies θ+(t) ≥ 0 on Σt for t ∈ [0, ǫ). Next, by Lemma 5.4 we have
(6.13)
dθ+(t)
dt
= −∆tϕt + 2〈Wt,∇tϕt〉+
(
Qt + divtWt − |Wt|
2 + (trgk)tθ+(t)−
1
2
θ+(t)
2
)
ϕt,
and
(6.14) −
∂ϕt
∂νt
+ g(Nt,∇Ntνt)ϕt = 0,
where subscript t means evaluated on Σt and (6.14) follows from the variation of free boundary
condition, cf. Proposition 18 of [2]. Since ϕt > 0 we have
θ′+(t)
ϕt
= −∇t logϕt + 2〈Wt,∇t logϕt〉 − |Wt|
2 + divtWt +Qt + θ+(t)(trgk)t −
1
2
θ+(t)
2
≤ divt(Wt −∇t logϕt) +Qt + θ+(t)(trgk)t.
(6.15)
Define the function
(6.16) J (t) := θ+(t)e
− ∫ t
0
α(s)ds, α(t) :=
(∫
Σt
1
ϕt
dµΣt
)−1 ∫
Σt
(trgk)tdµΣt
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such that J (0) = 0. Together with definition of Q, (6.14), (6.15), and the fact that θ+(t) is constant
on Σt, we have
β(t)J ′(t) = θ′+(t)
∫
Σt
1
ϕt
dµΣt − θ+(t)
∫
Σt
(trgk)tdµΣt
≤
∫
∂Σt
〈Wt, νt〉dµ∂Σt −
∫
∂Σt
∂νt logϕtdµ∂Σt +
∫
Σt
QtdµΣt
=
∫
∂Σt
(〈Wt, νt〉 −Π(Nt, Nt)) dµ∂Σt +
∫
Σt
(
Kt − µ− J(Nt)−
1
2
|χt+|
2
)
dµΣt
≤
∫
∂Σt
(〈Wt, νt〉 −Π(Nt, Nt)) dµ∂Σt +
∫
Σt
(
Kt − µ+ |J | −
1
2
|χt+|
2
)
dµΣt ,
(6.17)
where we used ∂νt logϕt = g(Nt,∇Ntνt) = q = Π(Nt, Nt) and β(t) =
(∫
Σt
1
ϕt
dµΣt
)
e
∫
t
0
α(s)ds > 0.
Combining this with the geodesic curvature equation (6.3) and Gauss-Bonnet theorem we get
β(t)J ′(t) ≤ −|∂Σt| inf
∂Mζ
(
H∂Mζ − 〈W, ν〉
)
− |Σt| inf
Mζ
(µ− |J |) + 2πχ(Σt)−
∫
Σt
1
2
|χt+|
2dµΣt
≤ −|∂Σt| inf
∂Mζ
(
H∂Mζ − 〈W, ν〉
)
− |Σt| inf
Mζ
(µ− |J |) + 2πχ(Σt).
(6.18)
Together with the infinitesimal rigidity Iζ(Σ) = 2πχ(Σ) and χ(Σ) = χ(Σt) leads to
β(t)J ′(t) ≤ Iζ(Σ)− Iζ(Σt)
= (|Σ| − |Σt|) inf
Mζ
(µ− |J |) + (|∂Σ| − |∂Σt|) inf
∂Mζ
(
H∂Mζ − 〈W, ν〉
)
≤ (|Σ| − |Σt|) inf
Mζ
(µ− |J |).
(6.19)
where the last inequality follows from either ∂Σ is locally length minimizing in ∂Mζ and H∂Mζ −
〈W, ν〉 ≥ 0 or inf∂Mζ
(
H∂Mζ − 〈W, ν〉
)
= 0. Therefore, since Σ is area minimizing in Mζ and
µ− |J | ≥ c1 > 0, we have
(6.20) J ′(t) ≤ 0.
Combining this with initial condition J (0) = 0, we have J (t) ≤ 0 for t ∈ [0, ǫ) that leads to θ(t) ≤ 0
for all t ∈ [0, ǫ). Therefore, θ+(t) = 0 for all t ∈ [0, ǫ). In addition Σt, for t ∈ [0, ǫ), is weakly
outermost free boundary stable MOTS and
(6.21) Iζ(Σt) = 2πχ(Σt).
Step 3. Rigidity statements. Assume either (i) or (ii) holds. By substituting θ+(t) = θ
′
+(t) = 0
in (6.17), (6.20), and following argument of Proposition 6.1, we have for all t ∈ [0, ǫ) the following
properties:
(I) |Σt| = |Σ|, J(N) = −|J |, χt+ = 0, Qt = 0, Wt = ∇ logϕt, and Π(Nt, Nt) = 〈Wt, νt〉,
(II) µ+ J(N) is constant on Σt and equal to infMζ (µ− |J |),
(III) H∂Mζ is constant on ∂Mζ and equal to inf∂Mζ H∂Mζ ,
(IV) 〈Wt, νt〉 is constant on ∂Mζ and equal to sup∂Mζ 〈W, ν〉,
(V) λ1(Ls) = 0,
(VI) If we assume (i), we have |∂Σt| = |∂Σ|,
(VII) If we assume (ii) we have H∂Mζ = 〈Wt, νt〉 = inf∂Mζ H∂Mζ = sup∂Mζ 〈W, ν〉.
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It follows from (I) and (VI) that for all t ∈ [0, ǫ), |Σt| is area minimizing in Mζ and |∂Σt| is locally
length minimizing in ∂Mζ. Therefore, mean curvatures H(t) and 〈∇TtNt, Tt〉 of Σt in Mζ and ∂Σt
in ∂Mζ, respectively, must be non-negative. By the first variation formula we have
(6.22) 0 =
d
dt
|Σt| =
∫
Σt
H(t)ϕtdµΣt , 0 =
d
dt
|∂Σt| =
∫
∂Σt
〈∇TtNt, Tt〉ϕtdµ∂Σt .
Together with ϕt > 0 yields to H(t) = 〈∇TtNt, Tt〉 = 0 for all t ∈ [0, ǫ). This means for all t ∈ [0, ǫ),
Σt is a minimal surface in Mζ and ∂Σt has vanishing geodesic curvature in ∂Mζ for only case (i).
Together with θ+(t) = 0 and θ± = ±H(t) + trΣk(t), we get θ−(t) = trΣk(t) = 0 for t ∈ [0, ǫ).
By assumption max∂ΣΠ(N,N) = 0, property (I), and (IV), we have Π(Nt, Nt) = 〈Wt, νt〉 ≥ 0 on
∂Σt. Moreover, using θ−(t) = 0 for all t ∈ [0, ǫ), the first variation of θ−(t) with speed ϕ− = −ϕt
yields to
(6.23) 0 =
dθ−(t)
dt
= ∆tϕ− − 2〈Wt−,∇tϕ−〉 −
(
Qt− + divtWt− − |Wt−|2
)
ϕ−,
where
(6.24) Qt− =
1
2
RΣt − µ− J(−N)−
1
2
|χt−|2 = −2|J | −
1
2
|χt−|2 ≤ 0,
and
(6.25) Wt− = (k(·,−Nt)|TΣt)
#
= −Wt = −∇ logϕt.
We used Qt = χt+ = 0 in (6.24) and Wt = ∇ logϕt in (6.25). Substituting (6.25) in (6.23) yields to
(6.26) −
1
2
Qt−ϕt +∆tϕt +
|∇ϕt|
2
ϕt
= 0.
Integrating over Σt and using boundary condition ∂νt logϕt = Π(Nt, Nt), we obtain
(6.27)
∫
Σt
(
−|J | −
1
4
|χt−|2 −
|∇ϕt|
2
ϕt
)
ϕtdµΣt =
∫
∂Σt
Π(Nt, Nt)ϕtdµ∂Σt .
Since ϕt > 0 on Σt and Π(Nt, Nt) = 〈Wt, νt〉 ≥ 0 on ∂Σt, we get
(6.28) ∇tϕt =Wt = J = χt− = 0, on Σt Π(Nt, Nt) = 〈Wt, νt〉 = 0 on ∂Σt.
This shows that second fundamental forms At = kΣt = 0 and ϕt is only a function of t. Therefore,
(Σt, ht) is totally geodesic submanifold of M and ht is also independent of t. By setting ds = ϕtdt,
we have ht = ds
2 + gΣ. If we assume (i), combining (6.28), (6.3), and property (III), ∂Σt in Σt has
geodesic curvature κ = inf∂Mζ H∂Mζ . If we assume (ii), it follows from (6.28) and property (VII)
that κ = H∂Mζ = 0. Finally, by boundary condition (6.28) and Theorem A.1, we have λ1(L) = 0 on
Σt. This complete the proof.

6.2. Free Boundary Marginally Outer Trapped Surfaces with Low Index. One can define
a notion of Morse index is(Σ, ∂Σ) for free boundary MOTS as follows. Recall that the self-adjoint
operator Ls = (Ls, Bs) as follows.
(6.29) Ls(ψ) = −∆Σψ +Qψ, on Σ Bs(ψ) =
∂ψ
∂ν
− (q − 〈W, ν〉)ψ on ∂Σ.
This yields a positive semi-definite index form
(6.30) P (u, u) :=
∫
Σ
(
|∇u|2 +Qu2
)
dµΣ −
∫
∂Σ
(q − 〈W, ν〉) u2dµ∂Σ ≥ 0.
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One can define is(Σ, ∂Σ) to be the Morse index associated with the operator Ls; that is, the number
of negative eigenvalues of the associated bilinear form. Note that a function f ∈ W 1,2(Σ,R) is
an eigenfunction of the index form P (·, ·) with eigenvalue λs if P (f, g) = λs(f, g)L2 for all g ∈
W 1,2(Σ,R).
Remark 6.4. Note that by the arguments of Section 5, if q ≤ 0, then λ(L) ≤ λ(Ls) and thus
is(Σ, ∂Σ) gives a kind of upper bound definition. It is possible to define the analogous lower bound
definition based on a different symmetrized operator, Lz , which has the property that, if q ≤ 0, then
λ(Lz) ≤ λ(L), cf. [6]. However, the operator Lz involves extra W terms which make for more heavy
handed statements.
Suppose now that h is an eigenfunction of Ls. In that case we have the following lemma of [15],
itself based on [35].
Lemma 6.5. [15] There exists a conformal map f : Σ → S2 such that
∫
Σ
fhdAΣ = 0 and f has
degree ≤
[
g+3
2
]
.
As a consequence, one obtains the following characterisation of free boundary MOTS with
is(Σ, ∂Σ) = 1.
Proposition 6.6. Let (M, g, k) be an initial data set with smooth boundary ∂M . Let (Σ, ∂Σ) be
a compact orientable two-sided surface of genus g with l ≥ 1 boundary components. Suppose that
(Σ, ∂Σ) is a free boundary MOTS with H∂M −〈W, ν〉 ≥ 0. If µ−|J | ≥ 0, then is(Σ, ∂Σ) = 1 implies
that l < 10 if g is even and l < 14 if g is odd; and if µ − |J | ≥ c > 0, then is(Σ, ∂Σ) = 1 implies
|Σ| ≤ 2pi(7−(−1)
g−l)
c .
Proof. The proof follows from Theorem 1.2. of [15] and since it is short we include it here. Let
h ≥ 0 be a first eigenfunction of the index form P (·, ·). By Lemma 6.5, there exists a conformal map
f : Σ→ S2 of degree ≤
[
g+3
2
]
such that
∫
Σ fhdAΣ = 0. This shows that the components fi of f are
orthogonal to h. Therefore, f is an basis element of orthogonal of index. Consequently
(6.31) P (fi, fi) =
∫
Σ
(
|∇fi|
2 +Qf2i
)
dµΣ −
∫
∂Σ
(q − 〈W, ν〉) f2i dµ∂Σ ≥ 0
Summing over i and using
∑3
i=1 |fi|
2 = 1 gives
(6.32)
∫
Σ
(
|∇fi|
2 +Q
)
dµΣ −
∫
∂Σ
(q − 〈W, ν〉) dµ∂Σ ≥ 0
Let Σ be a compact domain with genus g by gluing a disk on each boundary component of Σ. Since
f : Σ→ S2 is conformal we have
(6.33)∫
Σ
|∇f |2dµΣ <
∫
Σ
|∇f |2dµΣ = 2|f(Σ)| = 2|S
2|deg(f) ≤ 8π
[
g + 3
2
]
= 8π
(
g + 3− 1+(−1)
g
2
2
)
where |f(Σ)| is the area of the image of Σ, and thus
(6.34) 8π
[
g + 3
2
]
−
∫
∂Σ
(q − 〈W, ν〉) dµ∂Σ > −
∫
Σ
QdµΣ
Using Q = KΣ − µ− J(N)−
1
2 |χ+|
2 and the Gauss-Bonnet theorem
(6.35)
∫
Σ
KΣdAΣ +
∫
∂Σ
kdµ∂Σ = 2πχ(Σ) = 2π(2− 2g − l)
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we obtain
(6.36)
8π
[
g + 3
2
]
−
∫
∂Σ
(q − 〈W, ν〉) dµ∂Σ−
∫
∂Σ
kdµ∂Σ > −2π(2− 2g− l)+
∫
Σ
(
µ+ J(N) +
1
2
|χ+|
2
)
dµΣ
By the free boundary property we get
(6.37) 8π
[
g + 3
2
]
−
∫
∂Σ
(H∂M − 〈W, ν〉) dµ∂Σ + 2π(2− 2g − l) >
∫
Σ
(
µ+ J(N) +
1
2
|χ+|
2
)
dµΣ
Using µ− |J | ≥ 0 and H∂M − 〈W, ν〉 ≥ 0 we have
(6.38) 2
[
g + 3
2
]
>
1
2
(g +
l
2
− 1)
from which the conclusion follows. Finally, if µ− |J | ≥ c, then (6.37) leads to
(6.39) 8π
[
g + 3
2
]
+ 2π(2− 2g − l) > c|Σ|
which finishes the proof.

6.3. A Diameter Estimate for Stable Free Boundary Marginally Outer Trapped Sur-
faces. The proof of the diameter estimate in [13] combines an argument of Fischer-Colbrie [24], a
classical theorem of Hartman [32], and a computation in [44] employed in [12]. Those arguments
apply in this setting to yield the following.
Proposition 6.7. Let (M, g, k) be an initial data set with boundary ∂M having second fundamental
form Π(·, ·) and outwards pointing normal ν. Let Σ be a complete, two-sided, connected, embedded
stable free boundary MOTS with unit normal N . Suppose on ∂Σ that Π(N,N) ≤ 0. Finally, assume
that either one of the following holds
(i) infM (µ−|J |) > 0 and inf∂M (H∂M − 〈W, ν〉) ≥ 0 with no components having H∂M−〈W, ν〉 =
0,
(ii) infM (µ− |J |) is non-negative and ∂M is such that H∂M − 〈W, ν〉 > 0.
Then Σ is compact and satisfies the intrinsic diameter estimate
(6.40) diam(Σ) ≡ sup
x,y∈Σ
dΣ(x, y) ≤ min
(
2π√
3 infM (µ− |J |)
,
π + 83
inf∂M (H∂M − 〈W, ν〉)
)
,
and moreover one has
(6.41) 0 < inf
M
(µ− |J |)H 2(Σ) + inf
∂M
(H∂M − 〈W, ν〉)H
1(∂Σ) ≤ 2πχ(Σ),
where H 1(∂Σ) and H 2(Σ) denote the 1 and 2 dimensional Hausdorff measures of ∂Σ and Σ,
respectively. Thus Σ is diffeomorphic to a disc.
Proof. The proof is long but it follows directly from the proof of Proposition 1.8 in [13]. 
Appendix A. Linear Elliptic PDE with Neumann Boundary Condition
We include the proof of the following theorem and it is a direct consequence of Dirichlet boundary
condition in [23] .
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Theorem A.1. Let (Ω, g) be a C2,α Riemannian manifold with boundary ∂Ω. Consider the differ-
ential equation
(A.1) Lu := −∆gu+ b(x)
i∇iu+ c(x)u Ω, Bu :=
∂u
∂ν
+ β(x)u ∂Ω,
where b, c ∈ Cα(Ω¯), β ∈ C1,α(∂Ω). If β ≥ 0 and Bu = 0, then there exist a simple principle real
eigenvalue λ1. Moreover, for any eigenvalue µ, we have Reµ ≥ λ1. The corresponding eigenfunction
ϕ, Lϕ = λ1ϕ is unique up to a multiplicative constant and can be chosen to be real and everywhere
positive. The adjoint L∗ (with respect to the L2 inner product) has the same principle eigenvalue.
Proof. Let δ > supΩ−c(x) and define an operator Lδ = L+ δ such that
(A.2) Lδu := −∆gu+ b(x)
i∇iu+ (c(x) + δ)u Ω, Bu :=
∂u
∂ν
+ β(x)u ∂Ω.
Since c(x)+δ ≥ 0, by Theorem 6.31 of [29] the PDE Lδu = f with Bu = γ(x) has a unique u ∈ C
2,α
solution for all f ∈ Cα(Ω) and γ ∈ C1,α(∂Ω). In particular, we have
(A.3) |u|C2,α(Ω) ≤ C
(
|u|Cα(Ω) + |γ|C1,α(∂Ω) + |f |Cα(Ω)
)
Let K be the set of non-negative functions in X = C2,α(Ω). Then we define a compact linear
operator A : X → X such that Af = u, where u is a solution of Lδu = f with boundary condition
Bu = 0. If f ∈ K, then we claim u = Af ≥ 0. Assume u can be negative. By the weak maximum
principle we know the minimum of u is at boundary x0 ∈ ∂Ω and u(x0) < 0. Since Bu ≥ 0, we
have ∂u∂ν (x0) ≥ 0 which contradicts the Hopf maximum principle. If f ∈ K \ {0}, then we show
u = Af > 0 on Ω. Assume there is a point x0 ∈ ∂Ω such that u(x0) = 0. This means x0 is the
minimum point and therefore by the Hopf maximum principle we have ∂u∂ν (x0) < 0 which contradicts
the boundary condition. Therefore, A is a positive operator and by Krein–Rutman theorem, there
exists a unique non-negative function ϕ ∈ Cα(Ω) such that Aϕ = ξϕ for positive real eigenvalue ξ.
Moreover, positivity of ϕ ∈ C2,α(Ω¯) follows from positivity of A. The elliptic regularity implies that
ϕ is in fact smooth if the coefficients of L, f , and γ are smooth. It follows that Lϕ = (ξ−1 − δ)ϕ on
Ω and Bϕ = 0 on ∂Ω, where λ1 = (ξ
−1 − δ) is a real eigenvalue and ϕ is a positive eigenfunction.
To show that Reµ ≥ λ, we follow Section 6.5.2 of [23]. Let ψ be a (possibly complex) eigenfunction
of L with eigenvalue µ. Define u = ϕ−1ψ and a direct computation gives
(A.4) −∆gu+ b
i
1(x)∇iu+ (λ1 − µ)u = 0
where bi1(x) = b
i(x) − 2ϕ−1∇iϕ. Using also the complex conjugate of above equation a short
calculation, see Section 6.5.2 of Evans, gives
(A.5) K(|u|2) ≤ 2 (Reµ− λ) |u|2
where K := −∆g + b
i
1(x)∇i. Moreover, using Bϕ = Bψ = 0, we have the boundary condition
(A.6)
∂
∂ν
u = −ϕ−2ψ
∂
∂ν
ϕ+ ϕ−1
∂
∂ν
ψ = uβ − uβ = 0
which implies
∂
∂ν
|u|2 = 〈
∂
∂ν
u, u¯〉+ 〈u,
∂
∂ν
u¯〉 = 0(A.7)
Therefore, if Reµ− λ1 < 0, then by the weak maximum principle and the Hopf maximum principle,
the maximum of |u|2 is at the boundary x0 ∈ ∂Ω and
∂|u|2
∂ν (x0) > 0. This contradicts equation (A.7)
and Reµ ≥ λ1 as claimed. Moreover, clearly if Bu = 0, we have adjoint operator L
∗v = λ∗v with
boundary Bv = 0 such that
(A.8) 0 = 〈Lu, v〉 − 〈u, L∗v〉 = (λ− λ∗)〈u, v〉.
24 AGHIL ALAEE, MARTIN LESOURD, AND SHING-TUNG YAU
Since real positive eigenfunctions u and v cannot be orthogonal, we have λ = λ∗. 
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